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Abstract
A quantitative version, based on modiﬁed K-functionals, of the classical Trotter’s theorem concerning the
approximation ofC0-semigroups is presented. The result is applied to the study of the degree of convergence
of the iterated Bernstein operators on the N-dimensional simplex to their limiting semigroup.
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The aim of this paper is to provide a quantitative version of the classical Trotter’s theorem [13]
about the approximation of C0-semigroups of operators:
Theorem 1 (Trotter’s theorem, 1958). Let (Ln)n be a sequence of linear continuous operators
on a Banach space X and let (n)n be a strictly decreasing null sequence of positive real numbers.
Assume that there exists M1 such that ‖Lkn‖M for n, k ∈ N. If there exists a dense subspace
D ⊆ X such that for all f ∈ D there exists
lim
n→∞
Lnf − f
n
=: Af,
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and ( − A)(D) is dense in X for some  > 0, then the closure of (A,D) generates a
C0-semi- group (T (t))t0. Moreover,
T (t)f = lim
n→∞ L
kn
n f
for every f ∈ X and every increasing sequence (kn)n such that knn → t .
We recall that for every f ∈ D the function t → T (t)f is the unique solution of the Cauchy
problem ut = Au (t0), u(0) = f .
The classical proof of this theoremdoes not provide information about the degree of convergence
of the iterates. In this paper, by adopting the approach that has been presented in [2–4] (see also
[11] for further results), we rewrite Trotter’s theorem giving an estimate of the rate of convergence
of the sequence of the iterates in terms of modiﬁed K-functionals.
To this end, in the ﬁrst section we recall the deﬁnition of a modiﬁed K-functional and a basic
theorem proved in [4]. Starting from these preliminaries, we prove a quantitative version of
Chernoff’s and Trotter’s theorems.
In the second section, we apply the previous results to the study of the rate of convergence of
the iterates of Bernstein operators on the N-dimensional simplex to their limiting semigroup. The
problem of describing such rates of convergence is an old one. It was raised in the eighties by
Gonska (for Bernstein operators) and Altomare (for operators Ln as above); see [9] for a brief
history. A ﬁrst answer has been given recently by Gonska and Rasa in [9] in the case of Bernstein
operators on [0, 1]. After obtaining an estimate involving the uniform norms of f (2) and f (4)
(see Remark 9 below), the authors of [9] carry the result over from C4[0, 1] to C[0, 1] and give
estimates involving a combination of the fourth and the second-order modulus of continuity; this
transfer is possible due to the results of Gonska [8]. The approach used in [9] is applied in [10]
to the operators on [0, 1] deﬁned (on the N-dimensional simplex) in [7]. In this paper we give,
basically, C3 estimates. As already remarked in the ﬁnal section of [9], an interesting problem is
to get, if possible, C2 estimates.
1. Rates of convergence in Chernoff’s and Trotter’s theorems
Let (X, ‖ · ‖) be a Banach space. If U is a linear subspace of X and | · |U is a seminorm on U,
the so-called modiﬁed K-functional is deﬁned as
K(t, f ) := K(t, f ;U,X) := inf
g∈U{‖f − g‖ + t |g|U }, f ∈ X, t0.
This functional is known to be a continuous and monotone increasing function of t, and limt→0
K(t, f ) = 0 for everyf ∈ X ifU is dense inX.Moreover, in viewof the deﬁnition,K(t, f )‖f ‖,
iff ∈ X, andK(t, f ) t |f |U , iff ∈ U .ThemodiﬁedK-functional canbe thought of as ameasure
of the smoothness of f ∈ X.
We recall the following basic result and, for the sake of completeness, we present its proof.
Theorem 2 (Dickmeis and Nessel [4, Theorem 2]). Let (T (t))t0 be a C0-semigroup of opera-
tors on X with generator (A,D(A)), such that ‖T (t)‖M for some M1 and all t0. Let
{(T(t))t0 | 0 < } be a family of C0-semigroups on X with generators (A,D(A)), such
that, for every  ∈]0, ], ‖T(t)‖M .
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Let U ⊆ D(A) ∩ D(A) be a dense linear subspace of X with a seminorm | · |U . Suppose that
T (t)(U) ⊆ D(A) for all t0 and 0 < . If there exist  ∈ R and an increasing function
 :]0, ] →]0,+∞[ such that
‖(A − A)T (t)f ‖et()|f |U , f ∈ U, t0,  ∈]0, ],
then
‖T(t)f − T (t)f ‖2MK( 12 t max(et , 1)(), f ), f ∈ X.
Proof. Let g ∈ U . Then
T(t)g − T (t)g = −
∫ t
0
d
ds
[T(t − s)T (s)g] ds
=
∫ t
0
(AT(t − s)T (s)g − T(t − s)AT (s)g) ds
=
∫ t
0
T(t − s)(A − A)T (s)g ds.
Hence
‖T(t)(g) − T (t)g‖M()|g|U
∫ t
0
es dsM()t max(et , 1)|g|U .
Let f ∈ X and g ∈ U . Then
‖T(t)f − T (t)f ‖  ‖T(t)(f − g)‖ + ‖T (t)(f − g)‖ + ‖T(t)g − T (t)g‖
 2M‖f − g‖ + M()t max(et , 1)|g|U
 2M(‖f − g‖ + 12()t max(et , 1)|g|U).
We get the assertion by taking the inﬁmum over g ∈ U . 
Theorem 3. Let V : [0,+∞[→ L(X) such that V (0) = I and ‖V ()k‖M for all 0,
k ∈ N, and some M1. Let (T (t))t0 be a C0-semigroup with generator (A,D(A)), such that
‖T (t)‖M for every t0. Let U ⊆ D(A) be a dense linear subspace of X endowed with a
seminorm | · |U such that, for every g ∈ U , ‖Ag‖ |g|U . Assume that there exist  ∈ R and an
increasing function  :]0,+∞[→]0,+∞[ such that
∥∥∥∥
(
V () − I

− A
)
T (t)f
∥∥∥∥
X
et()|f |U , f ∈ U, t0,  > 0. (1)
If for ﬁxed t > 0 we take a positive null sequence (tn)n and a strictly increasing sequence of
integers (kn)n such that limn→∞ kntn = t , then for every f ∈ X:
‖V (tn)kn f − T (t)f ‖
2MK
(
t
2
max(et , 1)(tn) + 12
(
|t − tnkn| + tn
√
kn
)
((tn) + 1), f
)
. (2)
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In particular, for every t0,∥∥∥∥V
(
t
n
)n
f−T (t)f
∥∥∥∥ 2MK
(
t
2
max(et , 1)
(
t
n
)
+ t
2
√
n
(

(
t
n
)
+1
)
, f
)
. (3)
Proof. For every  > 0 set A := −1(V () − I ) ∈ L(X). Then ‖etA‖M (see, e.g., the proof
of [5, Chapter III, Theorem 5.2]). By Theorem 2, for every f ∈ X:
‖etAf − T (t)f ‖2MK
(
t
2
()max(et , 1), f
)
, (4)
and therefore
‖etAtn f − T (t)f ‖2MK
(
t
2
max(et , 1)(tn), f
)
. (5)
It is known (see, e.g., [5, Chapter III, Lemma 5.1]) that
‖ekntnAtn f − V (tn)kn f ‖Mtn
√
kn‖Atnf ‖. (6)
Hence, by combining (5) and (6), we get for every f ∈ X
‖V (tn)kn f − T (t)f ‖
‖T (t)f − etAtn f ‖ + ‖etAtn f − etnknAtn f ‖ + ‖ekntnAtn f − V (tn)knf ‖
2MK
(
t
2
max(et , 1)(tn), f
)
+ M(|t − tnkn| + tn
√
kn)‖Atnf ‖.
In particular, if g ∈ U , then
‖V (tn)kn g − T (t)g‖
Mt max(et , 1)(tn)|g|U + M
(
|t − tnkn| + tn
√
kn
) (‖Atng − Ag‖ + ‖Ag‖)
Mt max(et , 1)(tn)|g|U + M
(
|t − tnkn| + tn
√
kn
)
((tn)|g|U + |g|U) .
Then, for every f ∈ X and g ∈ U , we obtain that
‖V (tn)knf − T (t)f ‖  ‖V (tn)kn(f − g)‖ + ‖T (t)(f − g)‖ + ‖V (tn)kng − T (t)g‖
 2M‖f − g‖ + Mt max(et , 1)(tn)|g|U
+M
(
|t − tnkn| + tn
√
kn
)
((tn) + 1) |g|U .
By taking the inﬁmum over g ∈ U we get the assertion. 
Remark 4. Observe that if lim→0 () = 0, then
lim
n→+∞V (tn)
knf = T (t)f
for every f ∈ X. (2) gives a quantitative estimate of the convergence. This convergence is ensured
also when A converges to A on a core of (A,D(A)) (see, e.g., [5, Chapter III, Corollary 5.4]).
However, it should be noted that the assumption (1) implies the existence of a core D of (A,D(A))
such that Af → Af for every f ∈ D (see [12, Theorem 1]).
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Remark 5. If T (t)U ⊆ U and |T (t)f |U Cet |f |U for every f ∈ U , then (1) holds if∥∥∥∥
(
V () − I

− A
)
f
∥∥∥∥
X
()|f |U , f ∈ U, t0,  > 0.
Indeed, in this case we get∥∥∥∥
(
V () − I

− A
)
T (t)f
∥∥∥∥
X
Cet()|f |U , f ∈ U, t0,  > 0,
and, therefore, (2) holds with  replaced by C.
Note that in this case U is a core for (A,D(A)), since it is a subset of D(A) dense in X and
invariant under the semigroup (see, e.g., [5, Chapter II, Proposition 1.7]).
Theorem 6. Let (Ln)n be a sequence of linear continuous operators on X and let (n)n be a
strictly decreasing null sequence of positive real numbers. Assume that there exists M1 such
that ‖Lkn‖M for every n, k ∈ N. Let (T (t))t0 be a C0-semigroup on X with generator
(A,D(A)), such that ‖T (t)‖M for every t0. Let U ⊆ D(A) be a dense linear subspace of
X endowed with a seminorm | · |U such that, for every g ∈ U , ‖Ag‖ |g|U . Assume that there
exists a decreasing sequence of positive real numbers (n)n and  ∈ R such that∥∥∥∥
(
Ln − I

− A
)
T (t)f
∥∥∥∥ etn|f |U , f ∈ U, t0, n ∈ N,  ∈ [n, n−1[.
Then, for every f ∈ X, every t0, and every sequence of positive integers (kn)n satisfying
limn→∞ knn = t ,
‖Lknn f−T (t)f ‖2MK
(
t
2
max(et , 1)n+12
(
|t − nkn|+n
√
kn
)
(n+1), f
)
. (7)
Proof. Set V (t) := Ln and (t) := n for n t < n−1, n2. In particular, V (n) = Ln and
(n) = n. Then all the assumptions of Theorem 3 are satisﬁed with tn = n. 
2. An application to Bernstein operators on the simplex
Let KN denote the canonical simplex in RN , i.e.,
KN := {(x1, . . . , xN) | 0xi, i = 1, . . . , N, x1 + · · · + xN1}.
For every f ∈ Cm(KN) set ‖f ‖m := ∑|	|m ‖D	f ‖∞. Consider the differential operator
Au(x) :=
N∑
i,j=1
xi(ij − xj )
2
2u
xi xj
(x),
for u ∈ C2(KN).
By [6], Lemma 2, there exists a strongly continuous positive contraction semigroup (T (t))t0
on C(KN), generated by the closure of A, such that
T (t)(C3(KN)) ⊆ C3(KN),
and ‖T (t)f ‖3‖f ‖3 for every f ∈ C3(KN). Clearly, for every f ∈ C3(KN), ‖Af ‖∞∑|	|=2‖D	f ‖∞‖f ‖3.
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For every n ∈ N, the nth Bernstein operator on KN is deﬁned by
Bn(f )(x1, . . . , xN) =
∑
h1+···+hN n
f
(
h1
n
, . . . ,
hN
n
)
n!
h1! . . . hN !(n − h1 − · · ·hN)!
×xh11 · · · xhNN
(
1 −
N∑
i=1
xi
)n−∑Ni=1 hi
.
It is almost immediate to prove that Bn(1) = 1, hence for every m ∈ N, ‖Bmn ‖1. Moreover,
by direct calculation or by combining (6.3.4) and Lemma 6.2.4 in [1], one can show that for every
x = (x1, . . . , xN) ∈ KN :
Bn(pri) = pri , Bn(pri − xi)(prj − xj )(x) =
1
n
xi(ij − xj ), (8)
where pri (x) = xi for every i = 1, . . . , N . Further, by [1, Proposition 6.2.3], it follows that
Bn(‖ · −x‖4)(x) C
n2
, (9)
where C depends only on N.
Corollary 7. For every f ∈ C(KN), every t0, and every sequence of positive integers (kn)n
satisfying limn→∞ knn = t , the following inequality holds:
‖Bknn f−T (t)f ‖∞2K
(
t
2
Cn + 12
(∣∣∣∣t − knn
∣∣∣∣+
√
kn
n
)
(Cn+1), f ;C3(KN), C(KN)
)
,
where Cn = 1n + 16N3
√
n sup
x∈KN
√
Bn
(‖x − ·‖4) (x). In particular, for every f ∈ C3(KN), one
has
‖Bknn f − T (t)f ‖∞
(
tCn +
(∣∣∣∣t − knn
∣∣∣∣+
√
kn
n
)
(Cn + 1)
)
‖f ‖3.
Proof. If f ∈ C3(KN), then for every x, y ∈ KN ,
f (y) = f (x) +
N∑
i=1
f
xi
(x)(yi − xi) + 12
N∑
i,j=1
2f
xi xj
(x)(yi − xi)(yj − xj )
+1
6
N∑
i,j,k=1
3f
xi xj xk
(
)(yi − xi)(yj − xj )(yk − xk),
where 
 = x + (y − x) for some  ∈ [0, 1]. Hence, by taking into account (8) and by applying
a version of Hölder inequality to the positive linear form f → Bn(f )(x), we get
‖n(Bn(f ) − f ) − Af ‖∞
= 1
6
n sup
x∈KN
∣∣∣∣∣∣
N∑
i,j,k=1
Bn
(
3f
xi xj xk
(
)(yi − xi)(yj − xj )(yk − xk)
)
(x)
∣∣∣∣∣∣
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 1
6
n‖f ‖3N3 sup
x∈KN
Bn
(
‖x − ·‖3
)
(x)
 1
6
n‖f ‖3N3 sup
x∈KN
√
Bn
(‖x − ·‖2) (x)Bn (‖x − ·‖4) (x)
 1
6
‖f ‖3N3n sup
x∈KN
√√√√1
n
[
N∑
i=1
xi(1 − xi)
]
Bn
(‖x − ·‖4) (x)
 1
6
‖f ‖3N3√n sup
x∈KN
√
Bn
(‖x − ·‖4) (x).
The assertion follows by a straightforward application of Theorem 6 with Remark 5, because
‖T (t)f ‖3‖f ‖3 and ‖Af ‖∞‖f ‖3. 
In particular, if N = 1, we have that
Bn((· − x)4)(x) = 3x
2(1 − x)2
n2
+ x(1 − x)(1 − 6x(1 − x))
n3
 7
16n2
,
since 0x(1 − x) 14 . Then we get the following estimate of the rate of convergence of the
iterates of the classical Bernstein operators to their limiting semigroup.
Corollary 8. For every f ∈ C([0, 1]), every t0, and every sequence of positive integers (kn)n
satisfying limn→∞ knn = t , the following inequality holds:
‖Bknn f − T (t)f ‖∞
2K
(
t
2n
+ t
48
√
7
n
+
(∣∣∣∣t−knn
∣∣∣∣+
√
kn
n
)(
1
48
√
7
n
+n+1
2n
)
, f ;C3([0, 1]), C([0, 1])
)
.
If f ∈ C3([0, 1]), then
‖Bknn f − T (t)f ‖∞
(
t
2n
+ t
24
√
7
n
+
(∣∣∣∣t − knn
∣∣∣∣+
√
kn
n
)(
1
24
√
7
n
+ n + 1
n
))
‖f ‖3.
Remark 9. Corollary 8 should be compared with Theorem 4.1 and estimate (13) in [9]. With our
notation, that estimate reads as follows:
‖Bknn f − T (t)f ‖∞
1
24
(
3
∣∣∣∣t − knn
∣∣∣∣+ 132n − 1
)
‖f (2)‖∞ + 532(2n − 1)‖f
(4)‖∞,
where f ∈ C4[0, 1].
Remark 10. Similar results can be obtained for the Bernstein-type operators on the simplex
introduced in [7]. Due to [7, Theorem 10], the corresponding semigroup is in this case S(t) =
T (2t), t0, where (T (t))t0 is the semigroup described in Section 2.
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